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Abstract. A family of polynomials parameterized by the conjugacy classes of a finite Coxeter group
is investigated. These polynomials, together with the character table of the group, determine the
associated generic degrees. The polynomials are described completely for classes that meet a
parabolic subgroup whose components are of type A or are dihedral, and for the class of Coxeter
elements.
1. Introduction
Let W be a finite Coxeter group with set of distinguished generators S, length function ℓ : w 7→ ℓ(w),
and set of irreducible complex characters Irr(W ). Let K be a splitting field for W contained in the field of
complex numbers, let q be an indeterminate over K, and let H be the Hecke algebra of W over K(√q) with
standard basis elements Tw, w ∈W . Thus{
T 2s = qTe + (q − 1)Ts, if s ∈ S,
TxTy = Txy, if ℓ(x) + ℓ(y) = ℓ(xy),
where e is the identity ofW . It is known that H is split semisimple over K(√q), and that χ˜(Tw) ∈ K[√q] for
any irreducible character χ˜ of H and w ∈W . Moreover, if χ(w) is obtained from χ˜(Tw) by the substitution
√
q 7→ 1 for w ∈W , then the correspondence χ↔ χ˜ is a bijection between Irr(W ) and the set of irreducible
characters of H ([13], [19], [1]). The generic degrees {dχ(q) : χ ∈ Irr(W )} are determined by
(1)
∑
χ∈Irr(W )
χ˜(Tw)dχ(q) =
{
P (q), if w = e,
0, if w 6= e,
where P (q) = PW (q) =
∑
w∈W q
ℓ(w) is the Poincare´ polynomial ofW ([1]). The generic degrees are important
in the representation theory of finite groups of Lie type because they appear in the formulas for the degrees
of the irreducible representations of such groups.
This paper is an investigation of the polynomials
(2) gw(q) =
∑
χ∈Irr(W )
χ(w)dχ(q), w ∈ W,
obtained by applying the substitution
√
q 7→ 1 to the first factor in each summand of (1). Clearly gw(q) =
gw′(q) if w, w
′ are conjugate inW . If σ is an automorphism of K, then dσχ(q) can be obtained by applying σ
to the coefficients of dχ(q), and it follows that gw(q) has rational coefficients for all w ∈W . The orthogonality
relations for W combine with (2) to give
dχ(q) =
1
|W |
∑
w∈W
χ(w−1)gw(q).
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Thus the generic degrees are determined by the polynomials {gw(q) : w ∈W} together with the character
table of W .
The following results describe gw(q) for certain w in terms of data that can easily be extracted from w
and (W,S).
Theorem 1.1. Suppose w is conjugate to an element of a standard parabolic subgroup of W all of whose
components have type A. Let ℓ = |S| be the rank of (W,S). Then
gw(q) =
(1 − q)ℓP (q)
det(1− qw) ,
where det(1− qw) is the characteristic polynomial of w in the natural reflection representation of W .
Corollary 1.2. We have ge(q) = P (q), and gs(q) = (1− q)P (q)/(1 + q) for s ∈ S.
The next result, together with Corollary 1.2, completely determines the polynomials gw(q) when W is a
dihedral group.
Theorem 1.3. Suppose W is dihedral of order 2n with n ≥ 3, S = {r, s}, and w = (rs)k with 1 ≤ k ≤ n/2.
Then gw(q) = (1− qk)(1 − qn−k).
Recall that a Coxeter element of W is an element conjugate to a product of the form s1 · · · sℓ, where
S = {s1, . . . , sℓ}.
Theorem 1.4. Let c be a Coxeter element of W , and let d1, . . . , dℓ be the degrees of the basic polynomial
invariants of W . Then
gc(q) = (1− qd1−1)(1 − qd2−1) · · · (1− qdℓ−1).
The proof of Theorem 1.4 that appears below is a case-by-case argument based on the classification of
indecomposable finite Coxeter groups. It is the author’s hope that results similar to those above, or at least
some description of gw(q) that is independent of the generic degrees, can be obtained for arbitrary w ∈ W .
It should be noted that gw(q) is not in general equal to a product of cyclotomic polynomials, as can be seen
from the examples in the last section.
2. Preliminary Results
Let N be the number of positive roots in a root system corresponding to (W,S). Denote by ε the sign
character of W , and put εw = ε(w) = (−1)ℓ(w) for w ∈W . The next result shows that the polynomial gw(q)
is palindromic if w is even (εw = 1) and skew palindromic if w is odd (εw = −1).
Proposition 2.1. For any w ∈ W , we have qNgw(1/q) = εwgw(q).
Proof. We recall that for any irreducible character χ of W ,
dεχ(q) = q
Ndχ(1/q)
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[11, Lemma 8.3]. Since χ 7→ εχ is a permutation on Irr(W ),
qNgw(1/q) =
∑
χ∈Irr(W )
χ(w)qNdχ(1/q) =
∑
χ∈Irr(W )
χ(w)dεχ(q) = εwgw(q),
as required. 
Since q divides dχ(q) for any χ 6= 1 and d1(q) = 1, we have gw(0) = 1 for all w ∈ W . Hence the next
result follows immediately from the proposition.
Corollary 2.2. For any w ∈ W , gw(q) is a polynomial of degree N . Moreover, the constant term of gw(q)
is 1 and the term of highest degree is εwq
N .
For J ⊆ S, let WJ be the standard parabolic subgroup ofW generated by S, with corresponding Poincare´
polynomial PWJ (q). For x ∈WJ , define
gWJ ,x(q) =
∑
ϕ∈Irr(WJ )
ϕ(x)dϕ(q).
The next result gives a recursion formula for gw(q) if w is conjugate to an element of a standard parabolic
subgroup.
Proposition 2.3. Suppose J ⊆ S and w is conjugate in W to x ∈ WJ . Then
gw(q) =
PW (q)
PWJ (q)
gWJ ,x(q).
Proof. Let ϕ be an irreducible character ofWJ . For χ a character ofW , let 〈χ|WJ , ϕ〉 denote the multiplicity
of ϕ in the restriction of χ to WJ . Then it is known that∑
χ∈Irr(W )
〈χ|WJ , ϕ〉 dχ(q) =
PW (q)
PWJ (q)
dϕ(q)
([2]). Since w is conjugate to x in W , we have gw(q) = gx(q), and hence
gw(q) =
∑
χ∈Irr(W )
χ(x)dχ(q) =
∑
χ∈Irr(W )

 ∑
ϕ∈Irr(WJ )
〈χ|WJ , ϕ〉ϕ(x)

 dχ(q)
=
∑
ϕ∈Irr(WJ )
ϕ(x)

 ∑
χ∈Irr(W )
〈χ|WJ , ϕ〉 dχ(q)


=
∑
ϕ∈Irr(WJ )
ϕ(x)
PW (q)
PWJ (q)
dϕ(q) =
PW (q)
PWJ (q)
gWJ ,x(q),
as required. 
Suppose W is the product as a Coxeter group of the parabolic subgroups WJ1 , . . . , WJk ; that is, S
is the disjoint union of the pairwise commuting subsets J1, . . . , Jk. If χ ∈ Irr(W ), then χ has a unique
expression as an outer tensor product χ1 × · · · × χk where χj ∈ Irr(WJj ) for 1 ≤ j ≤ k, and moreover,
dχ(q) = dχ1(q) · · · · · dχk(q). Thus the next result follows directly from the definition of gw(q).
Proposition 2.4. Suppose S is the disjoint union of the pairwise commuting subsets J1, . . . , Jk. Let
w = w1 · · ·wk ∈W , where wi ∈WJi . Then
gw(q) = gWJ1 ,w1(q) · · · · · gWJk ,wk(q).
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3. The proof of Theorem 1.1
Replacing w by a conjugate if necessary, we can assume that w is an element of a standard parabolic
subgroup WJ with components of type A. Using Proposition 2.3 and Proposition 2.4, we can reduce to the
case in which W =WJ is indecomposable of type A. Then dχ(q) = fχ(q) for χ ∈ Irr(W ), where
fχ(q) =
(1 − q)ℓP (q)
|W |
∑
x∈W
χ(x)
det(1− qx)
is the associated “fake degree” polynomial ([17,2.2]). Thus
gw(q) =
∑
χ∈Irr(W )
χ(w)fχ(q)
=
∑
χ∈Irr(W )
χ(w)
(1 − q)ℓP (q)
|W |
∑
x∈W
χ(x)
det(1 − qx)
=
(1− q)ℓP (q)
|W |
∑
x∈W
1
det(1− qx)

 ∑
χ∈Irr(W )
χ(w)χ(x)

 .
Since the characters ofW are real-valued, the orthogonality relations forW show that the inner sum vanishes
unless x is conjugate to w, in which case det(1− qx) = det(1− qw) and the inner sum is equal to the order
of the centralizer of w in W . The assertion of the theorem now follows. 
4. The proof of Theorem 1.3
Throughout this section we suppose S = {r, s}, where r2 = s2 = (rs)n = 1, n ≥ 3. We recall some facts
about the Hecke algebra H of W (see [15] or [10, 8.3]). The Poincare´ polynomial of W is given by
P (q) =
∑
w∈W
qℓ(w) = (1 + q)(1 + q + q2 + · · ·+ qn−1).
For m an integer, define θm = mπ/n. The assignment
Tr 7→
(−1 2 cos(θm)√q
0 q
)
, Ts 7→
(
q 0
2 cos(θm)
√
q −1
)
extends to a representation ρm of H. Moreover, each irreducible 2-dimensional representation of H is
equivalent to ρm for a unique m satisfying 1 ≤ m < n/2. Let χm denote the irreducible character of W such
that χm(y) is obtained from trace ρm(Ty) by the substitution
√
q 7→ 1. The generic degree corresponding to
χm is given by
dχm(q) =
2 (1− cos(2θm)) q P (q)
n (1− 2 cos(2θm) q + q2) .
The characteristic polynomial of ρm(Trs) is x
2 − 2 cos(2θm)qx + q2, so the eigenvalues of ρm(Trs) are ωmq
and ω−mq, where ω = e2mπi/n.
We require the following identity of formal power series.
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Lemma 4.1. If a is an integer such that 0 ≤ a < n, then
∑
ζn=1
ζa
(1 − ζq)(1 − ζ−1q) =
n(q[a]n + qn−[a]n)
(1 − q2)(1− qn)
where the sum is over all complex nth roots of unity and [a]n is the least nonnegative integer congruent to a
modulo n.
Proof of Lemma. Define a polynomial function f on C of degree at most n by
f(z) =
∑
ζn=1
ζa
(1− z2)(1− zn)
(1− ζz)(1 − ζ−1z)
for z ∈ C, zn 6= 1, with f extended continuously to C. Easy calculations show that f(ζ) = n(ζa + ζn−a)
whenever ζn = 1. Also, f(0) =
∑
ζn=1 ζ
a = n if a = 0, and f(0) = 0 if 0 < a < n. Therefore f(z) =
n(za + zn−a) for all z ∈ C, and the assertion of the lemma follows. 
Now, let w = (rs)k were 1 ≤ k ≤ n/2. Then χm(w) = ωkm + ω−km. Observe
gw(q) =
∑
λ
λ(w)dλ(q) +
∑
1≤m<n/2
χm(w)dχm (q)
where λ ranges over the linear characters of W .
Case 1. Suppose n is odd. In this case there are two linear characters 1, ε of W , with generic degrees
d1(q) = 1, dε(q) = q
n. Thus
gw(q) = 1 + q
n +
qP (q)
n
(n−1)/2∑
m=1
(ωkm + ω−km)
(1− ωm)(1 − ω−m)
(1− ωmq)(1 − ω−mq)
= 1 + qn +
qP (q)
2n
n−1∑
m=0
(ωkm + ω−km)
(1− ωm)(1 − ω−m)
(1− ωmq)(1 − ω−mq)
= 1 + qn +
qP (q)
2n
∑
ζn=1
2(ζk + ζ−k)− (ζk+1 + ζ−(k+1))− (ζk−1 + ζ−(k−1))
(1− ζq)(1 − ζ−1q) .
Applying Lemma 4.1 yields
gw(q) = 1 + q
n +
qP (q)
2n
· 2n
(
2(qk + qn−k)− (qk+1 + qn−k−1)− (qk−1 + qn−k+1))
(1 − q2)(1− qn)
= 1 + qn − q(1− q)
2(qk−1 + qn−k−1)
(1− q)2
= 1 + qn − qk − qn−k = (1− qk)(1− qn−k),
so the theorem is established when n is odd.
Case 2. Suppose n is even. In this case the assignments δ(r) = −1, δ(s) = +1 determine a linear character
δ of W . The four linear characters of W are 1, ε, δ, and εδ, with generic degrees
d1(q) = 1, dε(q) = q
n, dδ(q) = dεδ(q) =
2q(1− qn)
n(1− q2)
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Hence
gw(q) = 1 + q
n + (−1)k 4q(1− q
n)
n(1 − q2)
+
qP (q)
n
(n−2)/2∑
m=1
(ωkm + ω−km)
(1 − ωm)(1 − ω−m)
(1 − ωmq)(1 − ω−mq)
= 1 + qn + (−1)k 4q(1− q
n)
n(1 − q2) −
qP (q)
2n
(2(−1)k) 4
(1 + q)2
+
qP (q)
2n
n−1∑
m=0
(ωkm + ω−km)
(1 − ωm)(1 − ω−m)
(1 − ωmq)(1 − ω−mq)
= 1 + qn +
qP (q)
2n
n−1∑
m=0
(ωkm + ω−km)
(1− ωm)(1 − ω−m)
(1− ωmq)(1 − ω−mq) .
The argument given in the previous case now applies to complete the proof of the theorem. 
5. The proof of Theorem 1.4
By Proposition 2.4, we can reduce to the case in which (W,S) is indecomposable. The argument presented
here is organized by cases according to the type of (W,S). We start by recalling the values of the degrees
d1, . . . , dℓ of (W,S) ([4]).
type of (W,S) d1, . . . , dℓ
Aℓ 2, 3, 4, . . . , ℓ+ 1
Bℓ, Cℓ 2, 4, 6, . . . , 2ℓ
Dℓ 2, 4, 6, . . . , 2ℓ− 2, ℓ
E6 2, 5, 6, 8, 9, 12
E7 2, 6, 8, 10, 12, 14, 18
E8 2, 8, 12, 14, 18, 20, 24, 30
F4 2, 6, 8, 12
G2 2, 6
H3 2, 6, 10
H4 2, 12, 20, 30
In 2, n
Here In corresponds to the dihedral group of order 2n (n = 5 or n ≥ 7). The Poincare´ polynomial of W
satisfies
P (q) =
ℓ∏
j=1
1− qdj
1− q .
Type A. Let W = W (Aℓ). In this case W is naturally isomorphic to the symmetric group Sℓ+1, and the
Coxeter elements correspond to ℓ + 1 cycles. The characteristic polynomial of c in the natural reflection
representation is thus det(1 − qc) = (1− qℓ+1)/(1− q), so Theorem 1.1 gives
gc(q) =
(1− q)ℓP (q)
(1− qℓ+1)/(1− q) = (1− q)(1− q
2) · · · (1− qℓ),
as required.
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Type B, C. Suppose W =W (Bℓ), where ℓ ≥ 2. Let c be a Coxeter element of W : in the natural reflection
representation, c can be taken to be the transformation sending ej to ej+1 for 1 ≤ j < ℓ and en to −e1,
where e1, . . . , eℓ is an orthonormal basis for the underlying Euclidean space. The irreducible characters of
W have the form
χα,β = IndWWj×Wk
(
χ˜α × δχ˜β
)
,
where χα is the irreducible character of W (Aj−1) ∼= Sj corresponding to the partition α of j, χ˜α is the
extension of χα to Wj = W (Bj) ∼= {±1}j ⋊ Sj with {±1}j in the kernel, χ˜β is defined similarly for the
partition β of k = ℓ − j, and δ is the linear character of Wk determined by δ((ε1, . . . , εk)π) = ε1 · · · εk for
ε1, . . . , εk ∈ {±1}, π ∈ Sk (see [10, 5.5]). Let dα,β(q) be the generic degree corresponding to χα,β. We have
χα,β(c) = 0 unless the Young diagram of α is an ℓ-hook and β is empty, or vice versa. If α = (ℓ − k, 1k),
that is, if α has one part ℓ− k and k parts 1, and β is empty, where 0 ≤ k ≤ ℓ− 1, then χα,β(c) = (−1)k and
dα,β(q) = qk
2 (1 + qℓ)(1 + qk)
2(1 + qℓ−k)
k∏
j=1
1− q2(ℓ−j)
1− q2j
by the formulas of [17] or [7, 13.5]. On the other hand, if α is empty and β = (ℓ − k + 1, 1k−1) where
1 ≤ k ≤ ℓ, then χα,β(c) = (−1)k and
dα,β(q) = qk
2 (1 + qℓ)(1 + qℓ−k)
2(1 + qk)
k−1∏
j=1
1− q2(ℓ−j)
1− q2j .
Notice that
1 + qk
1 + qℓ−k
+
1− qk
1− qℓ−k =
2(1− qℓ)
1− q2(ℓ−k) ,
and thus
gc(q) =1 +
n−1∑
k=1
(−1)kqk2
k∏
j=1
1− q2(ℓ−j+1)
1− q2j + (−1)
ℓqℓ
2
=
n∑
k=0
(−1)kqk2 Cℓk(q2),
where the q-binomial coefficient Cℓk(t) is the polynomial defined by
Cℓk(t) =
k∏
j=1
1− tℓ−j+1
1− tj =
(1− tℓ)(1 − tℓ−1) · · · (1− tℓ−k+1)
(1− t)(1 − t2) · · · (1− tk) .
The q–binomial theorem or Gauss’s binomial formula (see [22, p.162] or [14, 5.5]) gives
gc(q) =
ℓ∑
k=0
Cℓk(q
2)(−q)k (q2)( k2 )
=
n−1∏
j=0
(1 + (−q)(q2)j)
=(1− q)(1− q3)(1− q5) · · · (1 − q2ℓ−1),
so the assertion of the theorem holds in types B and C.
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Type D. Suppose W = W (Dℓ), where ℓ ≥ 4. Let c be a Coxeter element of W : in the natural reflection
representation, c can be taken to be the transformation sending ej to ej+1 for 1 ≤ j ≤ ℓ−2, eℓ−1 to −e1 and
eℓ to −eℓ, where e1, . . . , eℓ is an orthonormal basis for the underlying Euclidean space. If χα,β ∈ Irr(W (Bℓ))
and α 6= β, then the restriction of χα,β to W is an irreducible character, denoted χ{α,β}. Let d{α,β}(q) be
the generic degree corresponding to χ{α,β}. If χ{α,β}(c) 6= 0, then one of the diagrams of α, β must contain
an (ℓ− 1)-hook. We can assume that the diagram of α contains an (ℓ− 1)-hook because χ{α,β} = χ{β,α}. If
α = (ℓ) and β is empty, then χ{α,β} = 1, so χ{α,β}(c) = 1 and d{α,β}(q) = 1. If α = (1ℓ) and β is empty,
then χ{α,β} = ε, so χ{α,β}(c) = (−1)ℓ and d{α,β}(q) = qℓ2−ℓ. If α = (ℓ − k − 1, 2, 1k−1) and β is empty,
where 1 ≤ k ≤ ℓ− 3, then χ{α,β}(c) = (−1)k and
d{α,β}(q) = qk
2+k+1 (1− qℓ)(1 − qℓ−k−2)
(1− q)(1 − qk+1)
k∏
j=0
1 + qℓ−j−1
1 + qj
k−1∏
j=1
1− qℓ−j−1
1− qj
by the formulas of [17] or [7, 13.5]. Finally, if α = (ℓ − k − 1, 1k) and β = (1), where 0 ≤ k ≤ ℓ − 2, then
χ{α,β}(c) = (−1)k−1 and
d{α,β}(q) = qk
2+k+1 (1− qℓ)(1 + qk)
(1− q)(1 + qℓ−k−1)
k+1∏
j=0
1 + qℓ−j−1
1 + qj
k∏
j=1
1− qℓ−j−1
1− qj .
The orthogonality relations for W show that χ(c) = 0 for any χ ∈ Irr(W ) not considered above. Observe
1− qℓ−k−2
1− qk+1 −
(1 + qk)(1 + qℓ−k−2)(1− qℓ−k−1)
(1 + qℓ−k−1)(1 + qk+1)(1− qk)
= −2qk (1 − q)(1− q
ℓ−1)(1 + qℓ−2k−2)
(1− qk)(1 − q2(k+1))(1 + qℓ−k−1) .
Hence for 1 ≤ k ≤ ℓ− 3 we have
d{(ℓ−k−1,2,1
k−1),(−)}(q)− d{(ℓ−k−1,1k),(1)}(q)
= qk
2+k+1
(
1− qℓ
1− q
)(
−2qk (1− q)(1 − q
ℓ−1)(1 + qℓ−2k−2)
(1 − qk)(1− q2(k+1))(1 + qℓ−k−1)
)
×
k∏
j=0
1 + qℓ−j−1
1 + qj
k−1∏
j=1
1− qℓ−j−1
1− qj
= − q(k+1)2 1 + q
ℓ−2k−2
1 + qℓ
k+1∏
j=1
1− q2(ℓ−j+1)
1− q2j
= − q(k+1)2 1 + q
ℓ−2k−2
1 + qℓ
Cℓk+1(q
2).
Therefore
ℓ−3∑
k=1
(
(−1)kd{(ℓ−k−1,2,1k−1),(−)}(q) + (−1)k−1d{(ℓ−k−1,1k),(1)}(q))
=
ℓ−2∑
j=2
(−1)jqj2 1 + q
ℓ−2j
1 + qℓ
Cℓj(q
2).
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Now, as in the argument for type B, we have
ℓ∑
j=0
(−1)jqj2Cℓj(q2) = (1− q)(1 − q3)(1− q5) · · · (1− q2ℓ−1).
Also, the q-binomial theorem gives
ℓ∑
j=0
(−1)jqj2qℓ−2jCℓj(q2) = qℓ
ℓ∑
j=0
Cℓj(q
2)(−q−1)j(q2)( j2 )
= qℓ
ℓ−1∏
j=0
(
1 + (−q−1) · (q2)j)
= qℓ(1− q−1)(1 − q)(1− q3) · · · (1 − q2ℓ−3).
Hence
ℓ−3∑
k=1
(
(−1)kd{(ℓ−k−1,2,1k−1),(−)}(q) + (−1)k−1d{(ℓ−k−1,1k),(1)}(q))
=
1
1 + qℓ
(1− q)(1 − q3)(1− q5) · · · (1− q2ℓ−1)
+
qℓ
1 + qℓ
(1− q−1)(1 − q)(1− q3) · · · (1 − q2ℓ−3)
− 1
1 + qℓ
∑
j∈{0,1,ℓ−1,ℓ}
(−1)j
(
qj
2
+ qj
2+ℓ−2j
)
Cℓj(q
2).
Since
(1− q2ℓ−1) + qℓ(1 − q−1)
1 + qℓ
= 1− qℓ−1,
it follows that
ℓ−3∑
k=1
(
(−1)kd{(ℓ−k−1,2,1k−1),(−)}(q) + (−1)k−1d{(ℓ−k−1,1k),(1)}(q))
= (1 − q)(1− q3) · · · (1 − q2ℓ−3)(1− qℓ−1)− 1 + q (1− q
ℓ)(1 + qℓ−2)
1− q2
− (−1)ℓ−1q(ℓ−2)2+(ℓ−2)+1 (1− q
ℓ)(1 + qℓ−2)
1− q2 − (−1)
ℓqℓ
2−ℓ
= (1 − q)(1− q3) · · · (1 − q2ℓ−3)(1− qℓ−1)
− d{(ℓ),(−)}(q) + d{(ℓ−1),(1)}(q)− (−1)ℓ−1d{(1ℓ−1),(1)}(q) − (−1)ℓd{(1ℓ),(−)}(q).
Therefore
gc(q) = (1 − q)(1− q3) · · · (1− q2ℓ−3)(1− qℓ−1),
as required.
Other Types. The assertion of Theorem 1.4 holds in types G2 and In by Theorem 1.3. The remaining cases
E6, E7, E8, F4, H3 and H4 have been verified by direct calculations. The necessary character values can be
found in [8], [9], [16], [12], and the associated generic degrees can be found in [24], [3], [23], [18], [20], [1].
The details will not be shown here. This completes the proof of the theorem. 
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Remark. The list of all polynomials gw(q) =
∑
χ χ(w)dχ(q) can be computed using GAP version 3, release
4.4 ([21]) by executing the following statements:
RequirePackage(“chevie”);
W:=CoxeterGroup(type,rank);
chartab:=CharTable(W).irreducibles;
q:=X(field); q.name:=“q”;
H:=Hecke(W,q);
genericdegs:=List(SchurElements(H), x−>PoincarePolynomial(H)/x);
gpolynomials:=TransposedMat(chartab)*genericdegs;
Here type is the type of (W,S) as a string (e.g. ”E”), rank is the rank ℓ = |S|, and field is a GAP expression
for the splitting field K (e.g. Rationals in the crystallographic cases, CyclotomicField(5) for H3, H4).
6. Concluding remarks
Some examples with W indecomposable of small rank ℓ are given below. Only elements of cuspidal
classes, that is, classes that do not meet proper parabolic subgroups, are considered. In each case, the
coefficients of gw(q) are rational integers, gw(q) is divisible by (1− q)ℓ, and the coefficients of the polynomial
hw(q) = gw(q)/(1− q)ℓ are nonnegative. The author knows of no a priori explanation for these phenomena.
Also, hw(q) is palindromic by Proposition 2.1, and so is determined by its terms of degree at most (N− ℓ)/2.
In the natural reflection representation, elements of W (Bℓ) take the form of signed permutation matrices,
that is, monomial matrices whose nonzero entries are ±1. If w ∈ W (Bℓ), the signed cycle type of w is
the pair (µ, ν), where µ is the partition formed by the lengths of the cycles of w with an even number of
entries −1 and ν is the partition formed by the lengths of the cycles with an odd number of entries −1. The
conjugacy class Cµ,ν of W (Bℓ) consists of all elements with signed cycle type (µ, ν). The classes for W (D4)
that occur in Example 6.2 below are uniquely determined by their signed cycle types in W (B4). The classes
ofW (F4) are indexed by admissible graphs, as in [5]. For type H3, representatives of the conjugacy classes of
interest are given in terms of the generators S = {r, s, t}, where (rs)3 = (rt)2 = (st)5 = e. In each table, the
first row corresponds to the class of Coxeter elements and the last row corresponds to the class containing
the longest element w0 of (W,S).
Example 6.1. W =W (B3)
class of w hw(q) = gw(q)/(1− q)ℓ
C(−),(3) 1 + 2q + 3q
2 + 3q3 + 3q4 + 2q5 + q6
C(−),(2,1) 1 + 3q + 4q
2 + 5q3 + 4q4 + 3q5 + q6
C(−),(13) 1 + 2q + 6q
2 + 6q3 + 6q4 + 2q5 + q6
Notice that if w ∈W (B3) belongs to the class C(−),(2,1), then gw(q) factors as
gw(q) = (1− q)3
(
1 + q + q2
) (
1 + 2q + q2 + 2q3 + q4
)
,
while if w = w0 belongs to the class C(−),(13), then gw(q) factors as
gw(q) = (1− q)3
(
1 + q + q2
) (
1 + q + 4q2 + q3 + q4
)
.
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Hence gw(q) is not in general a product of cyclotomic polynomials.
Example 6.2. W =W (D4)
class of w hw(q) = gw(q)/(1− q)ℓ
C(−),(3,1) 1 + 3q + 6q
2 + 8q3 + 9q4 +O(q5)
C(−),(2,2) 1 + 4q + 7q
2 + 10q3 + 10q4 +O(q5)
C(−),(14) 1 + 3q
2 + 8q3 + 12q4 + O(q5)
Example 6.3. W =W (F4)
class of w hw(q) = gw(q)/(1 − q)ℓ
F4 1 + 3q + 6q
2 + 10q3 + 15q4 + 20q5 + 25q6 + 29q7 + 32q8 + 34q9 + 35q10 +O(q11)
F4(a1) 1 + 4q + 10q
2 + 16q3 + 24q4 + 32q5 + 40q6 + 44q7 + 50q8 + 52q9 + 54q10 +O(q11)
B4 1 + 4q + 9q
2 + 16q3 + 24q4 + 33q5 + 41q6 + 48q7 + 53q8 + 57q9 + 58q10 +O(q11)
D4 1 + 4q + 10q
2 + 19q3 + 30q4 + 41q5 + 52q6 + 62q7 + 71q8 + 76q9 + 78q10 +O(q11)
D4(a1) 1 + 6q + 15q
2 + 28q3 + 43q4 + 60q5 + 75q6 + 86q7 + 95q8 + 104q9 + 108q10 +O(q11)
C3 +A1 1 + 4q + 10q
2 + 19q3 + 30q4 + 41q5 + 52q6 + 62q7 + 71q8 + 76q9 + 78q10 +O(q11)
A3 + A˜1 1 + 3q + 7q
2 + 14q3 + 24q4 + 36q5 + 49q6 + 63q7 + 75q8 + 82q9 + 84q10 +O(q11)
A2 + A˜2 1 + 2q + 2q
2 + 4q3 + 9q4 + 18q5 + 32q6 + 46q7 + 54q8 + 58q9 + 60q10 +O(q11)
4A1 1 + 4q + 19q
2 + 40q3 + 66q4 + 80q5 + 97q6 + 116q7 + 155q8 + 184q9 + 204q10 +O(q11)
Example 6.4. W =W (H3)
w hw(q) = gw(q)/(1 − q)ℓ
rst 1 + 2q + 3q2 + 4q3 + 5q4 + 5q5 + 5q6 +O(q7)
rstst 1 + 3q + 5q2 + 7q3 + 8q4 + 9q5 + 9q6 +O(q7)
rstsrstst 1 + 3q + 6q2 + 9q3 + 12q4 + 14q5 + 15q6 +O(q7)
w0 1 + 2q
2 + 4q3 + 11q4 + 12q5 + 15q6 +O(q7)
Based on these and other examples with small rank, we state the following conjecture.
Conjecture 6.5. If m is the multiplicity of 1 as an eigenvalue of w ∈ W in the natural reflection represen-
tation of W , then
gw(q) = (1− q)ℓ−mhw(q)
where hw(q) is a palindromic polynomial whose coefficients are nonnegative rational integers.
By Proposition 2.4 and Proposition 2.3, the conjecture holds in general if it holds whenever (W,S) is
indecomposable and w belongs to a cuspidal class. (For J ⊆ S, it is known that P (q)/PWJ (q) =
∑
x∈DJ
qℓ(x),
where DJ is the set of minimal length left coset representatives of WJ in W . In particular, P (q)/PWJ (q)
has nonnegative coefficients.) The conjecture holds in type A by Theorem 1.1, and holds in types G2 and
In by Theorem 1.3. The conjecture has been verified by direct calculations for cuspidal classes in types E6,
E7, E8, F4, H3 and H4. Hence to verify the conjecture, it is enough to establish the cases W =W (Bℓ) and
W =W (Dℓ) when w belongs to a cuspidal class.
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